Abstract. In this paper we first characterize the hereditarily hypercyclicity of the unilateral (or bilateral) weighted shifts on the spaces
Introduction
Let L(X) denote the space of linear continuous operators on a separable infinite dimensional Fréchet space X. For n ∈ N the set of all positive integral numbers, the n-th iterate of T ∈ L(X) denoted by T n , is the function obtained by composing T with itself n times. A continuous linear operator T on a topological vector space X is called hypercyclic (respectively, supercyclic) provided there is some f ∈ X such that the orbit Orb(T, f ) = {T n f : n = 0, 1, 2, . . .} (respectively, the projective orbit {λT n f : λ ∈ C, n = 0, 1, 2, . . .}) is dense in X. Such a vector f is said to hypercyclic (respectively, supercyclic) for T. For motivation, examples and background about linear dynamics we refer the readers to the books [1] by Bayart and Matheron, [6] by Grosse-Erdmann and Manguillot, and article by Godefroy and Shapiro [4] . For a subsequence (n k ) ⊂ N, we will always refer to an increasing sequence of positive integers. Definition 1.1. Let T ∈ L(X) and (m k ) be a sequence of non-negative integers. We say that T is hereditarily hypercyclic with respect to (m k ) provided that the sequence {T m k j } j≥1 is hypercyclic for all subsequences (m kj ) of (m k ). An operator T will be called hereditarily hypercyclic if it is hereditarily hypercyclic with respect to some sequence (m k ). The following criterion plays an important role in the proof of the hereditarily hypercyclicity of weighted shifts. Theorem 1.3 ([6, Theorem 3.12], Hypercyclicity Criterion). Let T be an operator. If there are dense subsets X 0 , Y 0 ⊂ X, an increasing sequence (n k ) of positive integers, and maps S n k : Y 0 → X, k ≥ 1, such that, for any x ∈ X 0 , y ∈ Y 0 ,
then we say that T satisfies the Hypercyclicity Criterion with respect to (n k ), in particular, T is hypercyclic.
Also, the following Supercyclicity Criterion plays an important role in showing the supercyclicity of T ∈ L(X). (1) there exists a map S : Y 0 → X such that T Sz = z for all z ∈ Y 0 , and (2) if y ∈ X 0 and z ∈ Y 0 , then T n k y S n k z → 0 as k → ∞, then T is supercyclic on the space X. Let Z be the set of all integral numbers. Let K be a separable complex Hilbert space with an orthonormal basis {f k } ∞ k=0 . Define two separable spaces as follows:
Now, let {A n } (n ∈ Z or n ∈ N) be a uniformly bounded sequence of invertible positive diagonal operators on K. For the unilateral case on L 2 (N, K), it is known that the forward unilateral weighted shifts are never hypercyclic. Thus we need only consider that T is the backward unilateral weighted shift on L 2 (N, K).
is also uniformly bounded, then T −1 is the forward unilateral weighted shift on L 2 (N, K), given by
For n ∈ N,
where
j+s .
For the bilateral case on L 2 (Z, K), we firstly let T be the forward bilateral operator weighted shift on
where (1.5)
A j+s x j or y j = n−1
s=0
A j+s−n x j−n , so that
where (1.9)
Further,
Since each A n is an invertible diagonal operator on K, we have that
In the following, for n ≥ 0 and q ∈ N, denote H q,n = {x = (x i ) ∈ L 2 (N, K) :
, where y i = x and y j = 0 for all j = i.
This article is organized as follows: we will follow and complement the work of [7] , to determine those weighted shifts that are hereditarily hypercyclic with respect to a given sequence (n k ) ⊂ N (Theorem 2.5 and Theorem 2.6) in Section 2. Then we give the necessary and sufficient conditions for the supercyclicity of those weighted shifts in Section 3, which extends some previous results of H. Salas [11] . At last, we characterize the supercyclicity of B on the space L p (β) and weighted pseudo-shifts on an arbitrary F-space in which the canonical unit vectors (e n ) form a Schauder basis in Section 4 and Section 5, respectively.
Hereditarily hypercyclic on the class of weighted shifts
This part is inspired by the recent paper [7, Theorem 3.1 and Theorem 3.3], in which the authors gave some characterizations for the bilateral weighted shift T to be hypercyclic. Now we will show the hereditarily hypercyclicity of the unilateral and bilateral weighted shifts, respectively.
The following are equivalent:
(1) T satisfies the Hypercyclicity Criterion.
(2) T is hereditarily hypercyclic.
Remark 2.2. From the proof of [2, Theorem 2.3], we notice that T is hereditarily hypercyclic with respect to (n k ) whenever T satisfies (1.1) for (n k ).
, where {A n } is a uniformly bounded sequence of positive invertible diagonal operators on K. Then {T n k } k≥1 is hypercyclic if and only if for all ǫ > 0 and all q ∈ N, there exists m = m(ǫ, q) ∈ (n k ) arbitrarily large satisfying
Proof. (⇐) Suppose that (2.1) holds, we use Theorem 1.3 to show the hypercyclicity of {T n k } k≥1 . For q ∈ N, by (2.1), choose a subsequence (n kq ) ⊂ (n k ) satisfying (2.2)
be dense subsets of X, and let S : Y 0 → X be the mapping defined by
Thus {T n k } k≥1 is hypercyclic.
(⇒) Suppose that {T n k } k≥1 is hypercyclic. Let ǫ > 0 and q ∈ N be given. Choose δ > 0 such that
Since the set of hypercyclic vectors for {T n k } k≥1 is dense in X, there exist a hypercyclic vector x = ([x 1 ], x 2 , . . .) and a positive integer n k > q satisfying
(2.5)
By the first inequality in (2.6) we obtain that
Since the hypothesis n k > q implies n k + j > q for 1 ≤ j ≤ q, it follows that |α
And by (1.13),
From which it follows that
This completes the proof.
The following theorem is a slight modification of [7, Theorem 3.1].
Theorem 2.4. Let T be a forward bilateral operator weighted shift on L 2 (Z, K) with weight sequence {A n } ∞ n=−∞ , where {A n } is a uniformly bounded sequence of positive invertible diagonal operators on K. Let (m k ) ⊂ N. The the following are equivalent:
(2.8) (c) T satisfies Hypercyclicity Criterion for some subsequence (n k ) of (m k ).
Case I: Backward unilateral weighted shift. For this case we will mainly use Theorem 2.3.
, where {A n } is a uniformly bounded sequence of positive invertible diagonal operators on K. Let (n k ) ⊂ N. Then the following are equivalent:
(1) T is hereditarily hypercyclic with respect to (n k ).
(2) For all ǫ > 0 and q ∈ N, there exists k 0 ∈ N satisfying: for all k ≥ k 0 and all 1 ≤ j ≤ q, (2.9)
Proof. (2)⇒ (1). This is obvious from Theorem 2.3.
(1)⇒ (2). For a given ǫ > 0 and q ∈ N, denote the set
If {n k } \ A is infinite, then there exists a subsequence (n kj ) ⊂ (n k ) that does not satisfy (2.9). Hence by Theorem 2.3, {T n k j } j≥1 is not hypercyclic, it is a contradiction. This completes the proof.
Case II: Bilateral case. For this case we will mainly employ Theorem 2.4. Theorem 2.6. Let T be a forward bilateral operator weighted shift on L 2 (Z, K) with weight sequence {A n } ∞ n=−∞ , where {A n } is a uniformly bounded sequence of positive invertible diagonal operators on K and {A −1 n } is also a uniformly bounded sequence. We denote M := max{sup n∈Z A n , sup n∈Z A −1 n }. Let also (n k ) ⊂ N. Then the following are equivalent:
(2) For all ǫ > 0 and q ∈ N, there exists k 0 ∈ N satisfying: for all k ≥ k 0 and all |j| ≤ q, 
If (n k ) \ A is infinite, then there exists a subsequence (n kj ) ⊂ (n k ) \ A that does not satisfy (2.10). Hence by Theorem 2.4, {T n k j } j≥1 is not hypercyclic, which is a contradiction.
(2)⇒(1). This follows from Theorem 2.4.
(2)⇒(3). Fix j ∈ Z. On the one hand, if j ≥ 1, then by (2.10)(i) and (ii),
On the other hand, if j < 0, we have that
From the above four inequality it follows (3). (3)⇒ (2). For ǫ > 0 and q ∈ N, let
From (2.11) and (2.12), choose k 0 such that for all |j| ≤ q and k ≥ k 0 , we have that
(2.13) Hence, for k ≥ k 0 , by (2.13) it follows that
At the same time
Now for a backward bilateral operator weighted shift on L 2 (Z, K), a similar result can be stated as follows: Theorem 2.7. Let T be a backward bilateral operator weighted shift on L 2 (Z, K) with weight sequence {A n } ∞ n=−∞ , where {A n } is a uniformly bounded sequence of positive invertible diagonal operators on K and {A −1 n } is also a uniformly bounded sequence. We denote M := max{sup n∈Z A n , sup n∈Z A −1 n }. Let also (n k ) ⊂ N. Then the following are equivalent:
The characterization of Salas turns out to be a particular case of Theorem 3.3 when dim K = 1. Proof. Suppose T is supercyclic. Let ǫ > 0, q ∈ N be given; choose δ > 0 such that δ 1−δ < ǫ. For arbitrary fixed non-negative integer i, consider the vector |j|≤q f i (j) ∈ L 2 (Z, K). By Remark 1.5, there exists a supercyclic vector
Then it follows that
|j| > q and for all k;
k | < δ, |j| ≤ q and for k = i;
On the other hand, since COrb(T, x) is dense in L 2 (Z, K), there exist a positive integer n > 2q and 0 = α ∈ C such that
From the hypothesis n > 2q, we have that j + n > q for all |j| ≤ q and hence it follows that αy j+n < δ for all |j| ≤ q.
By (1.5),
That is,
A j+s f k < δ for all k and |j| ≤ q.
In particular, if k = i, it follows that
A j+s f i < δ 1 − δ for all |j| ≤ q.
for all |j| ≤ q.
Again from (1.5) it follows that
Then from (3.4) we obtain that
Since n > 2q, it follows that |j − n| > q for all |j| ≤ q. Hence from (3.3) we obtain that |α
Hence from (3.5)(i) we obtain that (3.7) |α||α
Thus combining (3.6) and (3.7) it follows that
Since the above inequality holds for arbitrary i, it follows that
and so
Consequently, combining (3) with (3.8),
That is, (3.1) holds. Conversely, suppose (3.1) holds, we use Theorem 1.4 to prove the sufficiency. Let q ∈ N and X 0 = Y 0 := G q,0 be dense subsets of L 2 (Z, K). For any g, h ∈ G q,0 , it follows that T n h ∈ G q,−n and T −n g ∈ G q,n . Define the mapping
Moreover, by (1.6) and (1.8), we get that
Thus it follows that
By ( : |j| ≤ q, |h| ≤ q} x y = 0, and consequently
From (3.9) and (3.10) we obtain the sufficiency. The proof is complete.
Now for a backward bilateral operator weighted shift on L 2 (Z, K), a similar result can be stated as follows: 
We will use the notation f (z) = ∞ n=−∞f (n)z n whether or not the series converges for any z. These are called formal Laurent series. As we all know, they are called formal power series and are denoted by H p (β), when n ranges on N ∪ {0}. Now, let L p (β) denotes a reflexive Banach space with the norm .
Clearly, B is bounded if and only if the sequence {β(k)/β(k + 1)} k is bounded. The hereditarily hypercyclicity of B on L p (β) with respect to the entire sequence is characterized in [12, Theorem 2.7] . Proof. (⇒) Suppose B is supercyclic on X. For q ∈ N, consider the nonzero vector g = h = |j|≤q f j . Denote α 0 = min{β(k) : |k| ≤ q}. By Remark 1.5, there exist a vector x = jx (j)f j ∈ L p (β), an arbitrary large positive integer n > 2q and 0 = α ∈ C such that x − g < ǫ and αB n x − h < ǫ.
(4.5) |αx(j + n)|β(j) < ǫ; for |j| > q.
For |k|, |j| ≤ q, by relations (4.2) and (4.5), it follows that
and by relations (4.3) and (4.4), it follows that
Consequently, for all |k|, |j| ≤ q, n > 2q, we have that
Since ǫ is an arbitrary positive element, thus (4.1) follows. (⇐) Suppose (4.1) holds. So there exists a sequence {n r } such that (4.6) lim r→∞ max{β(k − n r )β(j + n r ) : |j|, |k| ≤ q} = 0. Theorem 1.4 will be used to show the supercyclicity of B on X. For m ∈ N, let X 0 = Y 0 := span{f j : |j| ≤ m} be the dense sets of X. Define S : Y 0 → X as Sf j = f j+1 . It is obvious that BSz = z for all z ∈ Y 0 . On the other hand, if y = |j|≤mŷ (j)f j ∈ X 0 and z = |h|≤mẑ (h)f h ∈ Y 0 , we obtain that
From the above inequality and (4.6), it follows that
Supercyclicity of weighted pseudo-shift on F -spaces
F-spaces. F-spaces are kinds of completely metrisable topological vector spaces. It will be convenient to assume that the topology of an F-space is induced by an F -norm, which is always possible. We refer the readers to Chapter 2 in the book [6] by Grosse-Erdmann and Manguillot.
A sequence space is a (linear) subspace of the space w = w(N) = K N of all scalar sequences. We also consider bilateral sequence spaces, that is, subspaces of w(Z) = K Z . In this section, we allow arbitrary countably infinite sets I as index sets. Then a sequence space over I is a subspace of the space w(I) = K I of all scalar families (x i ) i∈I . The space w(I) is endowed with its natural product topology. By e i (i ∈ I) we denote the canonical unit vectors e i = (δ i,k ) k∈I .
A topological sequence space X over I is a sequence space over I that is endowed with a linear topology in such a way that the inclusion mapping X ֒→ w(I) is continuous or, equivalently, that every coordinate functional f i :
The family (e i ) i∈I of unit vectors is called an M-basis in a topological sequence space X over I if span{e i : i ∈ I} is a dense subspace of X. We shall call (e i ) i∈I an OP-basis if it is an M-basis and if the family of coordinate projections x → x i e i (i ∈ I) on X is equicontinuous. Now suppose that X is an F-sequence space. Then if (e n ) n∈N is a basis in X it is also an OP-basis, and the converse is true under the stronger assumption that the sequence of partial sum operators x → n k=1 x k e k (n ∈ N) is equicontinuous. We refer the readers to [5, p. 50] for an example.
Definition 5.1. Let X and Y be topological sequence spaces over I and J, respectively. Then a continuous linear operator T : X → Y is called a weighted pseudo-shift if there is a sequence (b j ) j∈J of nonzero scalars and injective mapping ϕ : J → I such that
for (x i ) ∈ X. We then write T = T b,ϕ , and (b j ) j∈J is called the weight sequence.
We note that if X and Y are F-sequence spaces, by a standard argument using the closed graph theorem, the continuity of T is automatic once it is known that T maps each sequence from X into Y. As we all know, a bilateral weighted backward or forward shift T with some sequence (a n ) n∈Z of nonzero scalars is defined by
respectively. The sequence (a n ) n∈Z is called the weight sequence. The unilateral weighted backward and forward shifts are defined analogously on topological sequence spaces over N, where we set a 0 = x 0 = 0. Thus from the definition, we have that every unilateral or bilateral weighted backward shift is a weighted pseudo-shift with b n = a n+1 and ϕ(n) = n + 1, and every bilateral weighted forward shift is a weighted pseudo-shift with b n = a n−1 and ϕ(n) = n − 1. In contrast, unilateral weighed forward shifts are never pseudoshifts due to their definition in the first component.
In order to describe the action of a pseudo-shift on the sequences e i (i ∈ I) we need to consider the inverse ψ = ϕ Let T = T b,ϕ : X → X be a weighted pseudo-shift. In this section, we characterize the supercyclicity of T , which is a generalization of [5] . We first note that each T n (n ∈ N 0 ) is a weighted pseudo-shift. That is,
Moreover, we add that b ψ n (i) = 0 and e ψ n (i) = 0 whenever ψ n (i) is "undefined".
Theorem 5.3. Let X be an F-sequence space over I in which (e i ) i∈I is an OP-basis. Let T = T b,ϕ : X → X be a weighted pseudo-shift. If (ϕ n ) is a run-away sequence, then the following assertions are equivalent: (a) T has a dense set of supercyclic vectors; (b) there exists an increasing sequence (n k ) of positive integers such that, for every i, j ∈ I, (5.1)
Proof. (b)⇒(a). Suppose (b) holds. We set X 0 = Y 0 = span{e i , i ∈ I}, which are dense sets of X, since (e i ) i∈I is an OP-basis, and we define linear mappings
and T n S n e j = e j for n ∈ N 0 , j ∈ I. Moreover, by (5.1) it follows that
By Theorem 1.4, T satisfies the Supercyclicity Criterion. By remark 1.5 it follows (a).
(a)⇒ (b). Assume (a) holds. It suffices to show that for every pair of finite subsets I 0 and J 0 of I, for any ǫ > 0 and every N ∈ N there exists an n > N such that
for i ∈ I 0 and j ∈ J 0 where · denotes the F -norm in X. To see this we fix enumerations (i k ) of I, and set I k = {i 1 , . . . , i k } and J k = {j 1 , . . . , j k }, where i m , j m ∈ I for m = 1, . . . , k. Next we define inductively an increasing sequence (n k ) of positive integers by letting n k be a number n satisfying (5.2) for I 0 = I k , J 0 = J k , ǫ = 1/k and N = n k−1 , where we set n 0 = 0. It is clear that the sequence (n k ) satisfies (5.2), so that condition (b) holds.
We therefore have to prove (5.2) under the assumption of (a). Let ǫ > 0, finite subsets I 0 ⊂ I, J 0 ⊂ J, and N ∈ N be given. By the equicontinuity of the coordinate projections in X, for any x ∈ X, there is some δ > 0 such that
From (a), there exists x ∈ X, 0 = α ∈ C and N ∈ N 0 , n > N , with (5.4) x − i∈I0 e i < δ and αT n x − j∈J0 e j < δ.
By continuous inclusion of X into w(I), we can in addition obtain that (5.5) sup i∈I0 |αx i − 1| ≤ 1/2 and sup
where y := T n x. Since (ϕ n ) is a run-away sequence we can assume that
By (5.3), the first inequality in (5.4) implies that
hence by (5.6) we have that (5.7) x ϕn(j) e ϕn(j) < ǫ/2 for j ∈ J 0 .
By the second inequality in (5. Remark 5.4. (1) The condition that (ϕ n ) be a run-away sequence is clearly not necessary for the supercyclicity.
(2) As the proof shows, for the implication (b)⇒(a) it suffices that (e i ) i∈I is a M-basis in X, while for the implication (a)⇒ (b) we need only assume the equicontinuity of the coordinate projections in X.
Theorem 5.5. Let X be an F-sequence space over I in which (e i ) i∈I is an OPbasis. Let T = T b,ϕ : X → X be a weighted pseudo-shift. Then the following assertions are equivalent:
(a) T has a dense set of supercyclic vectors; (b) (i) the mapping ϕ : I → I has no periodic points; (ii) there exists an increasing sequence (n k ) of positive integers such that, for every i, j ∈ I,
Proof. First assume that ϕ has a periodic point, that is, ϕ N (i) = i for some i ∈ I and N ∈ N. Then for every α = 0, the entry of αT n x at the position i is α( n−1 v=0 β v )ζ n with β v = b ϕ v (i) and ζ n = x ϕ n (i) .
It is obvious that both (β v ) v and (ζ n ) n are periodic sequences we see that for no x ∈ X can these entries form a dense set in K as n varies. Since X contains e i and is continuously included in K I this shows that {αT n x : n ∈ N 0 } can not be dense in X for any element x, hence that T is not supercyclic.
Thus if ϕ has no periodic points, then for every finite subset I 0 of I and any i ∈ I there is an n 0 ∈ N with ϕ n (i) ∈ I \ I 0 for n ≥ n 0 . This shows that (ϕ n ) is a run-away sequence. Thus we can apply Theorem 5.3 to obtain the present theorem.
